If weak scale supersymmetry (SUSY) is to somehow explain the radiative stability of the Higgs boson mass, it is likely that non-minimal variants of SUSY models should be considered. Under the assumption that the dark matter of the universe is comprised of neutralinos, recent limits from direct detection experiments as well as dark matter abundance measurements place stringent bounds on the naturalness of minimal supersymmetric models. We show that even non-minimal models introducing moderately decoupled new physics in order to address the Higgs boson mass problem face similar issues, with one interesting exception.
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Introduction
The existence of dark matter (DM), i.e. of some form of non-luminous matter dominating the matter content of the universe, is by now a fairly well-grounded hypothesis in cosmology [1] [2] [3] . At present, all evidence for its existence relies on gravitational observations. Consequently, apart from some theoretical arguments such as the "WIMP miracle", very little is known on both the mass of the DM particles and on their coupling strength to the Standard Model (SM) ones.
On a -seemingly -unrelated topic, the recent discovery [4, 5] of a 125 GeV Higgs boson at the LHC calls for the existence of physics beyond the SM. If the SM is to be viewed as an effective field theory (EFT) of some UV-completion, then the Higgs boson mass should lie close to the highest scale in the theory. This constitutes the notorious "hierarchy" problem, which requires either an unnaturally large fine-tuning of a priori unrelated SM parameters or new dynamics to emerge close to the TeV scale in order to screen the low-energy physics from large radiative corrections at very short distance.
The question of dark matter and that of the naturalness of the EW scale share no obvious connection. The fact that naturalness arguments point to the existence of new physics not far above the EW scale, does by no means guarantee that this new physics should involve some particle that is electrically-and colour-neutral or stable on cosmological timescales, while DM physics itself shows, to the best of our knowledge, no preference for physics around the EW scale.
However, in some concrete models such a connection can exist. In [6] , we investigated this interplay in the Minimal Sypersymmetric Standard Model (MSSM) (cf also [7, 8] ) and its extensions by moderately decoupled new physics. In what follows we will show, in particular, that if supersymmetry is to address the EW scale naturalness issue and simultaneously provide the lightest neutralino as a viable DM candidate, then recent direct DM detection experimental results and relic density considerations essentially render the two incompatible. An interesting exception appears in extensions of the MSSM, which will be tested in the next few years.
Physics beyond the MSSM, the µ parameter and EW fine-tuning
After the discovery of the Higgs boson, and given the non-observation of stops at the LHC [9, 10] , the MSSM is known to suffer from a severe problem of fine-tuning in order to stabilize the electroweak scale under radiative corrections [11] . This "little hierarchy problem" can be alleviated in extensions of the minimal model by either F-terms or D-terms [12] [13] [14] [15] [16] [17] [18] , many of which invoke the existence of moderately decoupled new physics, usually around a few TeV. Given the multitude of MSSM extensions, a rather generic description of such Beyond the MSSM (BMSSM) physics affecting the Higgs sector can be given by means of effective field theory [19] [20] [21] . To lowest order, this new physics can be described by a dimension 5 supersymmetric operator in the superpotential
as well as a dimension-5 modification of the soft Lagrangian 
where m soft is a common soft mass. We choose to work in a basis where µ > 0 while M 1,2 could have either sign. Moreover, we take all parameters to be real (for some interesting implications of choosing otherwise see, e.g., [22] ). A first consequence of the BMSSM contribution is that the Higgs boson mass gets modified at tree-level. In particular, it is now possible to generate the Higgs mass with stops being essentially mass-degenerate with the top quark thus resolving the tension between the need for heavy stops in order to achieve the observed Higgs mass and the requirement for them to be light from naturalness arguments. Updated results on the required ε values in order to achieve this can be found in [6] . In our analysis, we demand that the vacuum be exactly stable following the formalism of [23] .
The Z boson mass and the ratio of the Higgs vacuum expectation values, tan β , set by the minimization conditions of the scalar potential in the vacuum, are also modified. To leading order in ε 1,2 , the tree-level relations read
where m 2 ≡ m 2
Below the EFT cutoff, stability of the EW scale requires all mass parameters in (2.4) to lie close to m Z , unless an unnatural cancellation occurs among them. The fine-tuning associated to a parameter p can be quantified via the Barbieri-Giudice measure [24] 
Under the assumption that all ∆ p 's are independent, a global measure of fine-tuning can be obtained by summing them in quadrature
where the sum runs over
, ε 1 , ε 2 . ∆ > 1 means an overall fine-tuning of 1/∆, while ∆ rad parameterizes the fine-tuning associated with the set of MSSM parameters which only contribute to the relation (2.4) at loop level and is typically dominated by the stop masses and mixings. If the BMSSM operators in (2.1) and (2.2) are exploited in order to enhance the Higgs mass and minimize ∆ rad , the overall fine-tuning is then dominated by the relative sensitivity of m 2 Z to the tree-level parameters listed above.
The analysis further reveals two important features: first, the contribution of the ε 2 parameter is parametrically subdominant to that of ε 1 . Following this observation, as well as the fact that it is irrelevant for DM observables, we will set it to 0 in everything that follows. Secondly, both O(ε) effects are suppressed at large tan β . Since higher-order corrections do generically not suffer from such a suppression, a consistent analysis to O(1/M) requires bounding tan β as
Before proceeding to the topic of neutralino DM in the (B)MSSM, let us stress two points that will be of interest in what follows: first, among the tree-level parameters in (2.4), µ and ε 1 , due to their supersymmetric nature, simultaneously affect the Higgs and higgsino (and, hence, neutralino) sectors and are, thus, expected to have an impact on DM phenomenology [25] [26] [27] . Secondly, naturalness of the theory imposes a relatively low value of µ, as close as possible to m Z .
Neutralino dark matter in the MSSM and beyond
The most studied scenario of supersymmetric DM is that of a neutralino lightest supersymmetric particle (LSP), protected by some sufficiently well-preserved R-parity symmetry. Within the minimal (super-)field content, the neutralino is a linear superposition of the two neutral gauginos,B (Bino) andW 3 (Wino), and the neutral components of the two Higgsinos,h 0 d andh 0
Its DM phenomenology is to a large extent governed by the ratio of the N 1i coefficients, which in turn depend on the hierarchy among the µ parameter and the two gaugino soft masses M 1 and M 2 . For simplicity, we will focus on scenarios with a negligible Wino component, corresponding to M 2 {µ, M 1 }. All our conclusions remain unchanged under this assumption. We distinguish three limits, that of an almost pure Bino-neutralino which corresponds to the choice M 1 µ, that of an almost pure Higgsino (µ M 1 ) and mixed scenarios (µ ∼ M 1 ). These three scenarios exhibit radically different behaviours both from the point of view of the predicted DM abundance, but also from that of direct detection phenomenology.
Pure Binos do not pair-couple to any SM particle. As a consequence, such scenarios tend to severely overclose the universe. There are three basic ways to overcome this issue: the first is to introduce a tiny Higgsino component by slightly lowering the value of µ and to adjust the masses such that m χ 0 1 ∼ m h/H/A /2, resulting in a resonance-enhanced s-channel annihilation cross-section ("funnel region"). The second, is to render another MSSM particle quasi mass-degenerate with the LSP and to rely on coannihilation processes ("coannihilation region"). The third is by lowering the mass of some sfermion (typically around O(100 GeV)) and annihilating into SM fermions through t-channel sfermion exchange ("bulk region").
Pure Higgsinos, on the other hand, tend to annihilate too efficiently into SM gauge bosons through s-channel Higgs exchange. In order to increase the predicted relic abundance in this case, we can either choose m χ 0 1 < m W (corresponding to µ 100 GeV), thus kinematically forbidding [29] for m χ = 33 GeV (1 TeV). In the BMSSM, colors correspond to different levels of log-sensitivity of the cross section with ∆ σ SI below 5 (blue), between 5 and 10 (green), 10 and 50 (orange), 50 and 100 (red) and above 100 (brown).
annihilation into W + W − and ZZ pairs ("light higgsino" scenario), or m χ 0 1 1 TeV (corresponding to µ ∼ 1 TeV), a case in which the neutralino number density decreases to an extent that the annihilation rate can be brought down to acceptable levels ("heavy higgsino" scenario).
Lastly, mixed Bino-Higgsino ("well-tempered" neutralino) scenarios can indeed naturally explain the observed DM abundance in the universe [28] .
Out of these scenarios, the funnel and coannihilation regions exhibit a rather striking feature: the predicted relic density varies rapidly under small modifications of (at least from the low-energy standpoint) uncorrelated parameters of the theory. This behaviour constitutes a form of fine-tuning. The bulk region, on the other hand, relies on the existence of light sfermions which, at least for a sufficiently light Bino, is in tension with collider searches. In what follows, we will therefore decouple the sfermions from the rest of the spectrum and forbid accidental, fine-tuned relations among masses.
The spin-independent (SI) neutralino-nucleon scattering cross-section is typically dominated by SM-like Higgs boson exchange (although H and A can also contribute). In the case of a quasipure Bino, keeping terms up to O(tan −2 β ) and O(m 2 Z ), the relevant coupling in the decoupling limit reads
whereas the corresponding expression for a Higgsino-like neutralino is
From these expressions we first observe that indeed, high-purity neutralinos (µ → ∞ or M 1 → ∞ respectively) tend to not couple to the Higgs boson and are, thus, expected to yield very low SI cross-sections. This situation is depicted in figure 1 where we show the predicted SI cross-section as a function of the Higgsino fraction for the MSSM (left) and the BMSSM (right). The solid (dashed) horizontal gray lines show the latest LUX limit [29] for a WIMP mass of 30 GeV (1 TeV). We see that in both models highly mixed scenarios are heavily excluded, with only extremely high-purity neutralinos being allowed. The feature appearing in the MSSM for Higgsino fractions around 0.1 − 0.2 is due to the possibility for larger values of tan β with respect to the BMSSM, according to the limit (2.8) that we imposed on the latter. Interestingly, despite the overall similarity between the two models, in the BMSSM case we observe that there exist some mixed scenarios exhibiting very low SI crosssections. This is due to cancellations occuring among the u-and d-quark amplitudes. However, these cancellations are purely accidental. In order to quantify the associated amount of fine-tuning, we define a measure inspired by (2.6)
The coloured points in figure 1 correspond to fine-tuning values below 5 (blue), between 5 and 10 (green), 10 and 50 (orange), 50 and 100 (red) and above 100 (brown). In summary, our analysis so far shows that only quasi-pure Bino or Higgsino scenarios are compatible with direct detection constraints, implying either µ M 1 or µ M 1 respectively.
Neutralino dark matter implications for naturalness
Direct detection constraints have important implications for the fine-tuning of neutralino DM models. Naturalness of the EW scale demands that µ be not larger than a few hundreds of GeV. For Bino scenarios this necessitates an extremely small O(10 GeV) neutralino mass. This is demonstrated in figure 2 , where the fine-tuning is depicted as a function of the neutralino mass for the MSSM (blue points) and the BMSSM (red points).
We see that indeed, Bino-like scenarios exhibit a large amount of fine-tuning, due to the required large values of the µ parameter, unless very small masses are considered. Decreasing the value of µ in order to stabilize the EW scale would imply moving towards the mixed BinoHiggsino regime which, as shown in figure 1 , is in clear conflict with the LUX results. Moreover, the BMSSM restriction (2.8) on tan β amounts to the fine-tuning situation being actually overall worse than in the MSSM case. We nonetheless observe that in the BMSSM there exist some scenarios of light neutralinos (green points) exhibiting low EW fine-tuning while being compatible with direct detection results. This is due to accidental cancellations occurring in the WIMP-nucleon scattering amplitude. Quantifying the associated fine-tuning according to (3.4) reveals that these scenarios are, indeed, quite fine-tuned. Lastly, we should mention that essentially all scenarios depicted in figure 2 are incompatible with the relic density constraint, while the low mass ones are often in conflict with collider and/or Higgs invisible decay width constraints. In short, we see that in Bino-neutralino models, there is a direct contradiction between naturalness and direct detection constraints.
For moderate neutralino mass values, Higgsino-like scenarios are, by definition, subject to less EW fine-tuning since they correspond to µ M 1 , with M 1 only substantially contributing to the overall fine-tuning once it attains values of several TeV. At the same time, according to the results presented in figure 1 , there is no contradiction between direct detection and naturalness in this scenario, since pure Higgsino scenarios can easily evade LUX constraints. However, these scenarios are in conflict with relic abundance considerations and in particular with the WMAP mission 9-year results [30] . This is demonstrated in figure 3 , where we show the ratio of the predicted/measured value of the DM density in the BMSSM, against the neutralino mass. Different colours correspond to different values of fine-tuning as described in the legend.
We can see that there are two regimes where the correct DM abundance can be attained. One characterized by m χ < m W , which also corresponds to low values of µ, and another one for m χ ∼ O(1TeV) characterized by large µ values, with the fine-tuning varying accordingly. It is clear that naturalness arguments strongly favour the low-mass regime. In the MSSM this regime is, however, excluded by LEP chargino searches. In particular, LEP-II set a bound m χ ± 1 103 GeV [31] which could be relaxed to 98 GeV to account for a maximal 5 GeV uncertainty in the chargino mass matrix computation due to radiative corrections [32] . In the MSSM, the Higgsino-neutralino and Higgsino-chargino system is almost mass-degenerate, which implies that the low-mass Higgsino region is excluded by LEP. In the BMSSM, however, an interesting feature appears: the term (2.1) contributes to the chargino mass matrix and can create, at tree-level, a mass splitting among χ 0 1 and χ ± 1 pushing the latter above the LEP-II bound. This is highlighted in figure 4 , where we zoom into the low fine-tuning region of the Higgsino-neutralino scenario, successively imposing several constraints. We indeed see that although contrived, this genuine BMSSM effect could in fact provide one of the last few possibilities for natural neutralino dark matter. 
Conclusions
The fine-tuning related to the stabilization of the EW scale under radiative corrections can be addressed in extensions of the MSSM by moderately decoupled new sectors. In such scenarios, the fine-tuning associated to tree-level parameters, and in particular µ, can become dominant. Due to the supersymmetric nature of the µ parameter, as well as that of the BMSSM operator in (2.1), modifications in the Higgs sector translate to modifications in the neutralino (and in particular Higgsino) sector. Much like in the MSSM, in gaugino DM scenarios EW naturalness is in conflict with direct detection constraints, since the latter push µ to values that destabilize the EW scale. In Higgsino scenarios this is not the case, but demanding for neutralinos to constitute the major part of DM in the universe according to the standard thermal freeze-out picture brings the MSSM, once again, in conflict with naturalness due to the LEP-II bounds on light charginos. This tension could be alleviated, as we showed, in extensions of the MSSM that can lift the Higgsino-neutralino and Higgsino-chargino degeneracy at tree-level. Such scenarios will be probed in the next few years, both by direct detection experiments and by LHC searches. If no signal is found, then in order for supersymmetry to address the DM problem without inducing an unacceptable level of fine-tuning of the EW scale, either the thermal history of the universe would have to be altered in a non-trivial way (by introducing, for instance, some DM regeneration mechanism in Higgsino-like scenarios with m χ > m W ) or the neutralino would have to be abandoned as a plausible DM candidate.
